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INTRODUCTION 
Let D be a nonempty subset of a real Banach space E. A mapping T: D -+ E 
that is nonexpansive, that is, 1 TX - Ty 1 < / x - y 1 for all x and y in D, 
will be called a contraction. A semigroup (of nonlinear contractions) on D is a 
function S: [0, co) x D + D satisfying the following conditions: 
WI + t2 7 4 = WI , S(t2 9 4) for t, , t, > 0 and s E D; 
I S(t, 4 - WY)1 < I .2” - y I fort>0 and x,y~D; 
S(0, x) = x forxe D; 
‘,1-y S(t, x) = S(t, ) x) for t, to >, 0 and x E D. 
In this note, ‘which is a sequel to [42, 431, we intend to study a certain 
aspect of the behavior of S(t, x) when t tends to infinity. In particular, we 
show that under certain conditions S(t, x)/t tends to a limit when t tends to 
infinity for each x in D. This limit is independent of x and is related to the 
generator of S. We are motivated by a result of Crandall’s mentioned (without 
proof) in [3, p. 1661 and by r a recent note of Corduneanu’s [14]. (They deal, 
however, only with Hilbert spaces.) Other aspects of the asymptotic behavior 
of semigroups are treated in [2, 22, 351. 
Our main results are stated and proved in Section 2. The first section con- 
tains definitions, notations, and preliminary results. In the last section we 
present additional results, corollaries, and open problems. 
1. PRELIMINARIES 
The closure of a subset D of a Banach space E will be denoted by cl(D). 
Its convex hull and convex closure will be denoted by co(D) and clco(D), 
respectively. We also define 
lIDlj =inf{lx/:x~D) and Do = {x E D: j x [ = /I D II}. 
The identity operator (on D) will be denoted by 1. 
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A closed subset B of E is said to have the minimum property [39, p. 2371 
if it contains a point the norm of which equals 11 clco(B)Jj . B is called a 
nonexpansive retract of E if there exists a retraction of E onto B that is a 
nonexpansive mapping. A retraction P: E + B is called a sunnv retraction if 
P(X) = 2’ implies that P(v + r(.z’ - 21)) = z.1 for all x E E and r & 0. (We 
prefer this term to the one used by Bruck in [IO, p. 3481 because suns already 
occur in approximation theory [I].) If th ere exists a retraction P: E + B that 
is both sunny and nonexpansive, then B is said to be a sunny nonexpansive 
retract of E. 
Let U = (X E E: 1 x 1 = l} stand for the unit sphere of E. The norm of E 
is said to be Gateaux differentiable if lim,,,(I x + t-v 1 - 1 s ‘)!t exists for 
each x and 3~ in c. In this case we shall also say that E is (G). The norm of E 
is said to be FrCchet differentiable (and E is said to be (F)) if for each x in 
U the limit is approached uniformly as y varies over U. It is said to be uni- 
formly GPteaux differentiable (and E is said to be (UG)) if for each J’ in cr 
the limit is approached uniformly as x varies over lJ. Finally, it is said to be 
uniformly FrCchet differentiable (and E is said to be (UF)) if the limit is 
approached uniformly for [x,~] in 1: x P. A discussion of these concepts 
can be found in [20, 211. 
Let E* denote the dual of E. The duality mapping J from E into the family 
of nonempty subsets of E* is defined by 
J(X) = {x* E E*: (x, x*) = i x I2 and j X* 1 = 1 x I>. 
J is single-valued if and only if E is (G). 
If A is a subset of E x E and x E E, we define Ax = (JJ E E: [x, ~3 E ;1> and 
let D(A) = {x E E: Ax # a}. We also set 4% = (4~)~. The range of A 
is defined by R(A) = (J {Ax: x E D(A)). A . is said to be closed (demiclosed) if 
xn E D(A), yql E Ax, , x, - x, and y,, -Y (m -J) imply that [s, ~1 E A. 
Here - denotes weak convergence. 
A subset A of E x E is called accretive if for all xi E D(-4) and >ei E =Ix, , 
i = 1, 2, there exists j E 1(x1 - xa) such that (3~~ - ye , j) > 0. Let D be a 
subset of E and A an accretive set with D(d) CD. -4 is said to be maximal 
accretive in D if there is no proper accretive extension B of A with D(B) C D. 
An accretive set ‘4 is maximal accretive if it is maximal accretive in E. It is 
m-accretive if R(I + -4) = E. (It follows that R(I + rd) = E for all positive 
Y [17, p. 3851.) If A is m-accretive, then it is maximal accretive, but the 
converse is not true in genral [13, p. 1044; 16, p. 2761. If d is accretive, one 
can define, for each r > 0, a single-valued function Jr: Z?(I + r;2) + D(A) 
by Jr = (I + rA)-l. We also define the Yosida approximation of d, 
A,.: R(I + r-4) ---f E, by 8,. = (I - J,.)/r. 
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Suppose that 
R(1 + YA) 3 D(A) for all t > 0. (1-l) 
Then there exists a semigroup S on cl(D(A)) such that for each x E D(A) 
and t > 0 
[15, p. 2711. We shall say that S is generated by -A via the exponential 
formula (EF) (1.2). 
Let ~2 be accretive and consider the initial value problem (IVP) 
du 
z + Au30 a.e. on (0, co), 
u(0) = x, 
where x E D(A). Suppose that ZI: [0, CO) -+ E is (Bochner) integrable on 
every interval of the form [0, T], T < CO. Let u(t) = u(0) + $, v(s) ds. Then 
u: [0, CG) + E is absolutely continuous (on [0, T]), differentiable a.e. on 
[0, a), and du/dt = v a.e. on [0, CX). Such a function u is called a solution of 
the IVP (1.3) if u(t) E D(A) a.e. on (0, co) and u(t) satisfies (1.3). Since an 
absolutely continuous function that is differentiable a.e. is an indefinite 
integral of its derivative, we could have assumed that u is absolutely con- 
tinuous and differentiable a.e. When E has the Radon-Nikodjrm property 
[29] (for example, when E is reflexive), it is sufficient to assume that u is 
absolutely continuous on every interval of the form [0, T]. 
The IVP has at most one solution. This solution is Lipschitzian on [0, CO). 
If u and r.3 are two solutions of the IVP, then 1 u(t) - v(t)1 < 1 u(O) - v(O)1 
for all t E [0, co). It follows that if the IVP has a solution for each x E D(A), 
then a semigroup can be defined on cl(D(d)). This is said to be the semigroup 
generated by --A via the IVP (1.3). If A satisfies (l.l), then it must coincide 
with the semigroup generated by the EF (1.2) [6, p. 3711. On the other hand, 
if A is closed and E has the Radon-Nikodym property, then the EF semigroup 
is also the IVP semigroup [36, p. 2521. 
2. MAIN RESULTS 
First we shall study the behavior of a given semigroup without mentioning 
possible generators. 
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Let N denote the set of all nonnegative integers, and let {c,,: n E IV)- be a 
sequence of real numbers that satisfy 
O<c,<l for all n E AV; (2.1) 
2 ci diverges. (2.2) 
In the sequel we shall denote Cr=-, ci by a, . 
PROPOSITION 2.1 (cf. [41, p. 2511). L t e x,, belong to C, a closed and comex 
subset of a Banach space E, and let T: C ---f C be a contraction. Let the sequence 
{x+,: n EN) be defined by x?,+~ = (1 - c,) xn + c,Tx, , n E N, where {csa} 
satisjies (2.l)and(2.2). Suppose that E is (UG) while E* is (F). IfCis thejxed 
point set of a nonexpansive self-mapping of E, then x,+,/a, + --T’, where v 
is the element of least norm in cl(R(I - T)). 
Proof. C is a nonexpansive retract of E [9, p. 2531. Since the norm of E 
is uniformly G%teaux differentiable, a slight modification of the proof in 
[lo, p. 3501 implies that C is in fact a sunny nonexpansive retract of E. Now 
we can combine Theorems 2.3 and 2.8 in [42] and obtain the desired con- 
clusion. 
THEOREM 2.2. Let S be a semigroup on a closed and convex subset C of a 
Banach space E. Suppose that E is (UG) while E* is (F). If C is the$xed point 
set of a nonexpansive self-mapping of E, then Km,,, S(t, x)/t exists for each x E C 
(and is independent of .r). 
Proof. Let T: C + C be defined by Ty = S( 1, y) for each T E C. Fix a 
point x in C. By Proposition 2.1 (with c, = 1 for all n), 
lim S(n, x)/n = i-2 Tnx/n = -V n*m 
exists. Let E be positive. There are n, and M such that 1 Tnx/n f v / < E 
(n > n,,), ( T*X/TZ j < M (all n), and 1 S(t, x)1 < M (0 < t :$ 1). If 
t > max{M/e, n,, + 1}, [t] = n, and t - [t] = p, then 
I S(t, x)/t + v I < I S(n, S(P, x))/(n + p) - Sk, x)/n I + E 
< I S(P, x) - x l/t + P I S(n, x)l/(nt) + E < 4e, 
as required. 
If A is accretive and S is generated by --A, it is natural to ask if the limit 
obtained in Theorem 2.2 can be related to A. In order to answer this question 
in the affirmative (at least in some cases), we need several lemmas. 
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LEMMA 2.3. Let u be the solution (if it exists) of the IVP (1.3). Then 
j u(t) - u(O)\ < t/I ,4x 1; for all t 3 0. 
Proof. We have 
u(t) - u(O) = jf g(s) ds. 
Therefore 
1 u(t) - u(O)\ < s,’ \ g(s) 1 ds < t /I -4.x. II 
by [6, p. 3691. 
LEMMA 2.4. Let V: [O, T] -+ E be (Bochnw) integrable, and let C be a 
closed and convex subset of E. If v(t) E C a.e. in [0, T], then (1 /T) J-i z(t) dt E C. 
Proof. Let x = (l/T) jf v(t) dt. If x $ C, there is a continuous linear 
functional x* such that (x, N*) > r and (y, x*) < Y for all y E C. But z? is 
Pettis integrable [28, p. 801. Consequently, 
b’, .v*) = + ioT (z’(t), x”) dt -< y, 
a contradiction. 
LEMMA 2.5. Let S be generated by -A through the EF (1.2). Then 
1 S(t, x) - s / -<_ t I/ dx 11 for each x E D(A) and t > 0. 
Proof. We have / J;i,(.x - x 1 < fl 1 Jtln.2. - X 1 f ?l(f/?Z) I/ AX Ii = t /’ -4.V I[. 
LEMMA 2.6. Let S be generated by ----_J through the EF (1.2). Then 
(x - S(t, x))/t belongs to clco(R(A)). 
Proof. We have 
(.Y - J;.‘&yt = + y (Jf,p - J$X/(t/n) 
1=0 
The result follows. 
LEMMA 2.7 (cf. [25, p. 5551). E* is (F) zj and only if for any- comex set 
K C E every sequence {x,} in K such thut /I x, 11 tends to the distance from K 
to the origin converges. 
THEOREM 2.8. Let ;Z be an accretive set in a Banach space E whose dual is 
(F). Suppose that -A generates a semigroup S on cl(D(A)) through either the 
EF (1.2) OY the IVP (1.3). If cl(R(A)) has the minimum property, then for each 
409/53:2-7 
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X E cl(D(A)), lim,,, S(t, x)/t = -.v, where v is the element of least norm in 
cl(R(A)). 
Proof. Suppose first that S is generated by --A through the IVP (1.3). Let 
x E D(A), 1 z’ 1 == n and E > 0. There is [y, Z] E A such that 1 z - e. 1 < E. 
By Lemma 2.3 we have 
1 S( t, .I+) - .T 1 :::. 1 S(l) x) - qt, r’)l + / qt, y) - J’ 1 + [ J’ - s , 
~~22.s-~~+tt/-4~~~l~~2[.~-~~~-tI~i 
>< ‘. 2 j s - \’ 1 + t(d + c). 
It follows that lim supt+= j S(t, X) - s I,‘t ::< d. On the other hand, 
(x - S(t, .v)):‘t I= f (.’ ~ 2 (s) ds E clco(R(d)) 
‘0 
by Lemma 2.4. Therefore 1 S(t, ,x) -- .r l,‘t .> d. Thus 
‘,iT 1 s - S(t, .u)l,‘t = d and (x - S(t, x))/t -4 2’ + t-r 
by Lemma 2.7. If S is generated by --A through the EF (1.2), we can mimic 
the above argument bv using Lemmas 2.5 and 2.6 instead of Lemmas 2.3 
and 2.4. 
Remark. Theorem 2.8 can be estended to the quasi-autonomous IYP 
[ 19. p. 831 (with essentially the same proof). The extension provides a 
generalization of the result of Crandall’s mentioned in the Introduction. 
The rest of this section is devoted to a presentation of two situations in 
which Theorem 2.8 is applicable. 
PROPOSITION 2.9. Let d be an nccretiz?e set in n Banach space E that is 
(UC). If --1 is m-accretizqe, then cl(R(A)) is conzlex. 
Proof. This is essentially known. See[8, p. 190; 42, p. 63; 40, p. 6941. Note 
that it is sufficient to assume that R(s1 + A) > co(R(A)) for all positive s. 
Sometimes cl(R(A)) = E. See, for example, [44, Theorem 11. 
A formally weaker condition that already implies m-accretiveness appears 
in [31, p. 1501. Let A be accretive and single-valued, and suppose that 
D(A) = E. Then A is m-accretive if it is continuous [34, p. 3121 or if it is 
weakly continuous and E is reflexive [26, p. 2321. 
LEMMA 2.10. Let A be an accretive set in a Banach space that is (G). If A 
is maximal accretizle in cl(D(A)), then it is closed. 
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Proof. Let mR E D(A), yn E Ax, , s, ---f x, yfl -fy, z E D(A), and w E AZ. 
We have 
i(m - ~0, J(G - -4) - (y - u’, j(x - x))I 
G Km - Y> J(% - z))i + I(Y - w, J(xn - z) - J(x - z))i 
< I ?‘n - 3’ I / x, - 25 1t- l(J) - w, J(s, - 2) - J(x - x))l .
Thus 
(y - w, J(N - 2)) =:,I~nJ(yn - w, J(xT, - 2)) > 0. 
The result follows. 
THEOREM 2.11. Let A be m-accretive, and let 5’ be the semigroup generated 
by -A on cl(D(A)). Suppose that E is (UG) while E* is (F). Then 
piI qt, x)/t = -v i 
for each x E cl(D(A)), w h ere v is the element of least norm if1 cl(R(A)). 
Proof. Combine Theorem 2.8 with Proposition 2.9. (The semigroup 
generated by -A on cl(D(A)) is both the I\‘P and the EF semigroup by 
Lemma 2.10.) 
The second case is more complicated. Several lemmas and propositions 
precede the main theorem. 
LEMMA 2.12. Let A be an accretive set in a Banach space that is (F). If A 
is maximal accretive in cl(D(A)), then it is demiclosed. 
Proof. Let x,,, E D(A), yn E ,4.r, , x, --f x, yn - y, x E D(A), and 20 E dz. 
il:e have 
/(yn - w, "&rn -- z)) - (y - 70, J(x - .+I 
< I(y, - y, J(x - z))l + 1(,1& - w, J(xn - --) - J(x - z))l 
s; I( yn -_I', J(x - .z))l -t / yn - 7x ) 1 J(Xn - 2) - J(x - x)i . 
Thus 
(y - w, J(.Y - z)) I= lim(y, - w, J(xn - z)) >, 0. n-a* 
The result follows. 
LEMMA 2.13 (cf. [25, p. 5601). E* is (F) if and only if E is reflexive, and 
strictlj~ convex and has the following property. Zf x, - x and 1 x, ] -+ 1 x ! , 
then x, ---f X. 
PROPOSITION 2.14. Let an accretive and closed J satisfy (1. I). Suppose that 
E is both (UC) and (F) while E* is (F). Zf there exists an m-accretive extension B 
of -4 with D(B) C cl(D(A)), then cl(R(A)) has the minimum property. 
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Proof. Let z E D(B). For each positive T there are X, E D(A) and yr E AX, 
such that z = x, + ryr . Since x, = JrBz and yr = Bg, Lemmas 2.12 and 
2.13 imply that lim r+0 .T~ = z and lim,,,yr = BOz. Thus z E D(A) and 
B”z E -4~. Consequently, D(B) = D(A) and B” == Jo. Now let v be the ele- 
ment of least norm in cl(R(B)) (see Proposition 2.9), and let V, - ‘z’, z’,~ E Bx, . 
Then ES ~ :..< , ,~OY, 1 = 1 B”.vn 1 sz ! z‘,, / . It follows that =/O.Y~~ -+ zl. 
LEUXIA 2.15. Let K be a sunny nonexpansive retract of a Banach space E 
that is (G). Dejine a subset B of E >: E b?v 
BX = {y E E: (y, J(x - z)) g 0 for al/ 2 E K; 
for x E K and Bs = o for x $ K. Then B is m-accretive. 
Proof. Let si E K, yi E Bxi , i = 1, 3. Then (yl , J(.Q - x2)) 2 0, and 
(vz , J(.Q - sl)) i> 0. Thus (-F~ , J(xl -~ .Q)) > 0, and B is accretive. 
Now let P: E--f K be both sunny and nonexpansive, and let zu E E. Set 
x = Pw E K and J = w - Pw. By [42, p. 64; 10, p. 3481, 3’ E Bs. Since 
u’ = s + y, the result follows (cf. [S, p. 2451). 
PROPOSITION 2.16. Let an accretive A satisfy (1.1). Suppose that E is 
(UF) while E* is (G). If cl(D(A)) is a sunny nonexpansive retract of E, then there 
exists an m-accretive extension G of A with D(G) C cl(D(A)). 
Proof. Denote cl(D(A)) by K. Let -gl be a maximal accretive extension of 
,q in K. -dl is demiclosed by Lemma 2.12. Consequently we can assume in the 
sequel that .;I itself is demiclosed. Let G = -4 + B, where B is defined in 
Lemma 2.15 and D(G) = 0(-g). B is m-accretive. If r > 0,O < t < r/2, and 
3’ E E, then the equation y E s + tBs + t-4,.x, which is equivalent to 
.Y := JtB(y - t-t/,.x), has a solution in K by Banach’s fixed point theorem. 
Consequently, B + A, is m-accretive. Let ?; E E, and let s,. E K satisfy 
J E s,. T Bs,. + -3,~~ for each positive r. Fix a point u in D(A). Since 0 E Bu 
and b,. =: J - s,. - A,..t,. E Bx, , we have (A,u - 6, - Aq,. , J(u - x,)) 3 0 
and (--l(u - J + u - (U - x,), J(u - x,.)) :a 0. Thus 1 u - s, I’1 :.< 
i U - S,. I : d,u - y + u ,, and consequently (.vr) is bounded. We also have 
(b,. , J(x,. - z)) gc 0 for every z E K. Taking u” = J,..4x,, we obtain 
(b, , J(aJ,x,)) 2: 0 and / A,r,. I2 < 1 A,.x,. 1 1 -V - m, I. It follows that {&x,.} 
is bounded too. We have s,. - xa + 6,. - b, + A,.x, - 9,v, = 0. Since B is 
accretive, ~ s,. - s, I2 < -(A,xr - -4,qx, , J(x,. - x8)). We also have .T~ - s, = 
rd,..~,. - s.-l,x, + JrAx, - J,‘.Y,< . Thus 1 s,. - s, II < -(A,.r,. - Arls.~, , 
J( Jr”x,, - JSAx,)) - (247,. - L4,V~~S , J(rA,.*.,. - sz4,~, + JF.4x,. - JaAxS) - 
J( Jfds,. - JSAxs)) < -(A,s, - -4,x,< , J(rA,.x,. - s~~,~x, + J,./x, - Js.4x8) - 
J( J/q - JSAxs)) because A,x,. E A Jr”x,. . Since E is (UF), it follows that 
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{xr} converges to a certain x E K. 1 JrAx, - x,. j = r 1 A,x, 1 -+ 0, so that 
jrAx, + X. Let (AGO} converge weakly to a. Since A is demiclosed, x E D(A) 
and a E Ax. It follows that y = x + a + b, where a E Ax and b, the weak 
limit of {by}, belongs to RX. This concludes the proof. 
THEOREM 2.17. Let an uccretive and closed 9 satisfy (1.1). Suppose that 
E is (UF) while E* is (F). Let S be the semigroup generated by -A on cl(D(A)). 
If cl(D(A)) is a sunny nonexpansive retract of E, then for each x E cl(D(A)) 
lim,,, S(t, x)/t = -v, where v is the element of least norm in cl(R(A)). 
Proof. Combine Theorem 2.8 with Propositions 2.14 and 2.16. 
3. ADDITIONAL RESULTS 
We begin with two corollaries of Theorem 2.8. 
A semigroup S on a subset D of E is said to be bounded if for each x E D 
there is M(X) such that / S(t, x)1 < M(X) for all t > 0. It is said to have 
a fixed point s,, if S(t, x,,) = x0 for all t > 0. If S has a fixed point, then it is 
clearly bounded. Conversely, suppose that a bounded S is defined on a closed 
and convex subset of E. Then there is a bounded closed convex subset of E 
that is invariant under the commuting family of nonexpansive mappings 
{S(t, .): t > 0} [7, p. 8731. H ence S has a fixed point if E is reflexive and has 
normal structure [33; 12, Theorem 11. Suppose that S is generated by --A via 
the EF (1.2) or the IVP (1.3). If A is maximal accretive in cl(D(A)), then 
x,, is a fixed point of S if and only if 0 E Ax, . Consequently, the following 
result is a corollary of Theorem 2.8. It implies [14, Theorem 21. 
COROLLARS 3.1. Let A be an uccretive set in a Bunuch space E. Suppose 
that E has normal structure and that E* is (F). Let -A generate usemigroup Son 
cl(D(A)) through either the EF (1.2) or the IVP (1.3). If cl(D(A)) is convex, 
cl(R(A)) has the minimum property, and A is maximal uccretive in cl(L)(A)), then 
(a) 0 E R(A) if and only if S is bounded; 
(b) 0 6 cl@(A)) ;f and onb ;f lim,,, / S(t, x)1/t is positive for ez’ery 
x E cl(D(A)); 
(c) 0 ~cl(&!(A)), but O$R(A) if and on& if S is unbounded and 
S(t, x)/t -+ Ofor every x E cl(D(A)). 
The asymptotic behavior of contractions yields information on the 
asymptotic behavior of contraction semigroups. (Proposition 2.1 was used in 
the proof of Theorem 2.2.) The converse statement is also true (cf. [14]). To 
see this, recall the following result. 
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PROPOSITION 3.2 ([37, p. 45; 6, p. 3731). Let C be a closed and convex 
subset of a Banach space E, and let T: C + C be nonexpansive. Then -A = 
T - I generates a semigroup S on C (through both the EF (1.2) and the IVP 
(1.3)), and 1 S(n, x) - Tnx / < nll” 1 x - TX 1 for all x E C and n E IV. 
Combining this result with Theorem 2.8, we obtain the following special 
case of [42, Theorem 2.31. 
COROLLARP 3.3. Let C be a closed and convex subset of a Banach space E 
whose dual is (F), and let T: C-+ C be nonexpansive. If cl(R(I - T)) has the 
minimum property, then for each x E C, lim,,, Tnxln = -v, where .v is the 
element of least norm in cl(R(I - T)). 
The main restriction in Theorem 2.8 is the requirement that cl(R(J)) may 
possess the minimum property (MP). We do not know when cl(R(-4)) does 
possess the RIP. It is obvious that if 0 E cl(R(A)), then cl(R(A)) has the MP. 
Simple examples show, however, that cl(R(A)) does not always possess the RIP. 
Proposition 2.14 provides a sufficient condition, and Proposition 3.4 provides 
another. 
PROPOSITION 3.4 (cf. [42, p. 621). Let A be an accretive set in a Banach 
space E that is (G). Suppose that there exists a sequence {s,: n EN) C D(A) 
such that x,,+~ = x, - c,,,y, , n E N, where y,, E Ax, and {c,: n E Nj- satisfies 
(2.1) and (2.2). If (yn: n E AT} converges, then cl(R(A)) has the minimum 
property: 
Proof. Let v = lim,,, yV& and a, = xy=, ci . Since x,, - s,+i = 
Z~=II ci3’i , (SO - L~,+dla, + c, %+I /a, 4 -v. If u E D(A) and ~1 E Au, then 
(ZL' -4'n+1, I@ - %+I )) > 0. Dividing by a, and letting n tend to infinity, 
we obtain (w - z!, J(V)) > 0. Hence (.a - z!, J(v)) 3 0 for all a E clco(R(A)). 
It follows that 1 z’ j = 11 clco(R(A))~~. 
Concerning the differentiability conditions imposed on the norms of E 
and E* in Theorems 2.11 and 2.17, we recall that every reflexive separable 
Banach space is isomorphic with a space that is (together with its dual) 
both (F) and (UG) [45, p. 2011 and that every superreflexive space is 
isomorphic with a space that is (together with its dual) (UF) [24, p. 2871. 
The following result is a consequence of Theorem 2.17 and Proposition 2.1. 
COROLLARY 3.5. Let an accretive and closed A satisfy (1 .l). Suppose that E 
is (UF) while E* is (F). Let S be the semigroup generated by -A on cl(D(A)). 
If cl(D(A)) is a sunny nonexpansive retract of E, then the element of least norm 
in cl(R(A)) is the eZement of least norm in cl(R(I - S(l))). 
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Every closed and convex subset of a Hilbert space H is a sunny non- 
expansive retract of H. Outside Hilbert spaces, however, nonexpansive 
retracts are rather rare (see [32, 111). Therefore Theorem 2.17 is not quite 
satisfactory. (We do not know if the restriction imposed on cl(D(A)) there is 
indeed necessary.) 
Let a semigroup S be defined on a closed and convex subset C of a finite- 
dimensional Banach space E. If E is (G), then there is a unique accretive set 
A such that ---A generates S [15, p. 2911. If E is two-dimensional, then every 
closed and convex subset of E is a sunny nonexpansive retract of E. See 
[30, Theorem 1; 10, Theorem 51. Combining these facts with Theorem 2.17, 
we obtain the following result. 
COROLLARY 3.6. Let a semigroup S be defined on a closed and convex subset 
C of a two-dimensional strictly convex and smooth Banach space E. Let A be 
the unique accretive set such that -A generates S. Then for each s E C, 
lim,-, S(t, x)/t = -v, where v is the element of least norm in cl(R(A)). 
In Proposition 2.16 we assumed that cl(D(A)) is a sunny nonexpansive 
retract of E. The following result shows that this assumption cannot be 
omitted. 
The duality mapping J of a Banach space E that is (G) [27, p. 3481 is said 
to be weakly sequentially continuous if X, - x in E implies that {J(xJ} 
converges weak star to J(X) in E*. This happens, for example, if E is a Hilbert 
space, or finite-dimensional and smooth, or I*, 1 < p < a. 
THEOREM 3.7. Let A be an m-accretive set in a Banach space E. Suppose 
that E is (G) and that E* is (F). If the duality mapping of E is weakly sequentially 
continuous, then cl(D(A)) is a sunny nonexpansive retract of E. 
Proof. If x E E and 0 < r < 1, then (-4~ - rl,x, j((J$ - J~x)) > 0 and 
(r9,?c - A,x + (1 - r)A,x, J(A,x - rA,x)) 3 0. Hence / rA,x - A,x 1 < 
(1 - ~1 I 4~ I, and {J+v: 0 < r < l} is bounded. If 3c E D(A), then 
) J,.x - x 1 < r I/ Ax 11. It follows that J,x + x for all x E cl(D(A)). By 
Lemma 2.13 and the proof of [6, Remark 31, cl(D(A)) is convex and therefore 
weakly closed. Consequently, we may define a retraction P: E--f cl(D(A)) by 
letting Px be a subsequential weak limit of {Jllnx}. Fix a point x in E and 
a point y in cl(D(A)). We have 1 Jry - Jp 12 < (y - X, J(Jry - J7x)) 
because (A, y - A,x, J(J,. y - I,..%)) > 0. Therefore 
z (y - x, J(y - Px)), 
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where Px = lim,,, Jrp. In other words, (Px - X, J(y - Px)) > 0 for all x 
in E and 3’ in cl(D(A)). By [42, p. 64; 10, p. 3481 P: E + cl(D(d)) is both 
sunny and nonexpansive. This completes the proof. 
Remark. In the setting of Theorem 3.7, there is at most one sunny 
nonexpansive retraction on cl(D(A)). It follows that (jr,x} converges weakly to 
Px for each x E E. In particular, if E is finite-dimensional, strictly convex, and 
smooth, then {J,.x} converges strongly as Y + 0. This phenomenon is well 
known in Hilbert space [17, p. 3881. A ccording to [4], it is not known if this 
is true in general. 
In Hilbert space, every accretive (= monotone) set ,4 with convex cl(D(rl)) 
can be extended to an m-accretive set B with D(B) C cl(D(A)) [ 18, p. 2131. 
Theorem 3.7 enables us to present a simple example that shows that this 
cannot always be done in general Banach spaces. Indeed, let E be either a 
finite-dimensional, strictly convex, and smooth Banach space with dim E ;> 3 
that is not a Hilbert space or an Zfl space with 1 < p < co, p + 2. Let C be 
the closed unit ball of E. Define a subset ,4 C E x E by =Ix = (x} for s E C 
and AX = !Z for x $ C. rl is clearly accretive. Were B an m-accretive 
extension of -4 with D(B) = C, then by Theorem 3.7 C would be a non- 
expansive retract of E. But this is false [23, p. 97; 38; 1 I]. Of course, rl can 
be extended to an m-accretive set B with D(B) not contained in cl(D(d)). The 
lack of extension theorems for accretive sets in general Banach spaces was 
predicted by Crandall and Liggett [16, p. 2761. 
Note Added in Proof. In I*‘, 1 -< p -:: CO, p f 2, the normalized duality mapping J 
is not weakly sequentially continuous, but there exists another duality mapping which 
is W.S.C. The proof of Theorem 3.7 can be changed so that its conclusion remains true 
when the hypothesis is “if a duality mapping of E is w.s.c.” The same remark also 
applies to the lemma and theorem in Proc. Amer. Math. Sot. 51 (1973, 381-384. My 
paper entitled “Extension problems for accretive sets in Banach spaces” (in prepara- 
tion) contains improvements of these results. 
There is a gap in the proof of Proposition 2.1. It is not known if the uniform Glteaux 
differentiability of the norm of E is sufficient to ensure that C is a sunny nonexpansive 
retract of E. Therefore, one must assume in Theorem 2.2 either that C is a sunny 
nonexpansive retract of E, or that E is (UF). 
I am grateful to Prof. Ronald E. Bruck, Jr., for kindly drawing my attention to 
these two points. 
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